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Protein Structure Comparison
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Methods of structure comparison

e Visual inspection(!)
- The “best” method 1f you are well-trained.

e Algorithms

- It's an NP-hard problem, so there are a number of
approximate methods based on various representations:
» secondary structure elements (SSE)
e Amino acid residues
e Atoms
e Molecular surface



Representation: all atoms

e Dealing with all
atoms...

e 1s difficult. So usually
only substructures are
treated 1n this
representation.




Representation: Backbone

* Using only Ca or Cf3
atoms to reduce
computational costs.

e Also compatible with
sequence alignment (1
atom / residue)

e Still computationally
demanding.




Representation: 2ndary structures

* a helices and 3 strands
as vectors.

e Suitable for finding
topological similarities.

e |.ess cost.




Representation: Molecular surface

e Protein structure from
the view point of a
water molecule(?)

e Often used for mapping
electrostatic potentials
& hydropathy on the
structure.




Basic 1deas

How do you tell the congruence of two triangles?
(Vertex numbers do not match!)



Method 1: Coordinate-based

1 2

3

1
9) 3

e Actually try to superimpose them!

e Infinite combinations of ‘“‘translation” & ‘‘rotation”’.



Method 2:

d,(12) d,(13)

o) 3
d,(2,3)

d(12) d(173)

d(31) d(32)

Find pairs (i,j),(k,l) that satisfy

Distance-based
d,(1,2)

2

d,(2,3) dy(1,3)

3

d (1,2)
d (2,1)
d (3,1)

d (1,3)
d_(2,3)
d (3,2)

How many possibilities are there?

|dA(i’j)_dB(k’l>|:O



A little more complicated objects

N



Summary of comparison methods

 Translation & rotation

- “Coordinate-based method”

- Infinite possibilities.
 Comparing the distances between vertices

- “Distance-based method”

- Exponentially increasing possibilities.

e In any case, it's a tough problem!



Coordinate-based method, theory

Let 4, B and C be metric spaces:

—_—

|4 4 4 _|_B_B B
A—xl,xz,...,xM) B—(xhxz’...,xN)

ALcC
B5C

The points in A and B are transformed into C, so the distance between two points,
one 1n A and the other in B can be measured in C.

D(A,B)=(ZZ) de(f(x). g(x7))

The Problem: Find the set of combinations of (i,j) that minimizes this distance.
But how do we define f and g?



Best-fitting problem

Easy case first. Assume the alignment is already known.

A Z(xf’ x’;, e xf}) B =(xﬁ xi e xﬁ) (the same number of points)
Foralli=1,--, M, (x!, x7) (The i-th atom in A <=> The i-th atom in B)
M M

Z x!'=0, Z xM'=0 (Both centers of mass are at the origin)

2 . .
A B <\/ - Z ‘ x! —Rx" ‘ (Rotate B by the rotation matrix R)

Now the problem is finding the matrix R (least-square fitting).
This can be solved analytically (Euler angles, singular value decomposition, quaternions)



Coordinate-based method 1n practice

* Impossible to try infinite number of transformations

3 linearly independent points define a frame.
- NI/(N-3)! = N(N-1)(N-2)

* Consider all combination from two structures
- M(M-1)(M-2)xN(N-1)(N-2)
- M=N=100 =>941,288,040,000 combinations

e It's finite, but huge!



Coordinate frame based on 3 points

|4 4 A
A—(xl,xzj...,xM)

A A A .
(xi,xj,xk) 3 points

ey =7
Z=xXJ 7 axis
O =[x 4 ) 0
—5 x; +x ; +X, rigim

${x!-0),p{(x!-0),z -(xA—O)), a=l,.... M Transformation




Simple superposition algorithm

I nput: Structure A=x(1)..x(M,; Structure B=y(1)..y(N
Qut put: Best alignnent Ali

Ai :={} --- WHITIAANEESR)
for (i,j,kK) in{1..M do --- Select 3 points fromA
basi sA : = make_basis(x(i),x(j),x(k)) --- Make a basis
for a =1..Mdo
x'"(a) := transforn(x(a), basi sA)
for (I,mn) in {1..N} do --- Select 3 points fromB
basi sB : = make_basis(y(l),y(m,y(n)) --- Mike a basis
S :={} --- Initial (enpty) alignment

for b = 1..N do
y'(b) :=transfornm(y(b), basi sB)

(* After transformation, count neighboring A B points *)
for a =1..Mdo

for b = 1..N do

I f |x'(a) —y (b)] < delta

then S := S {(a, b)} --- Add pair to alignnent
if |S >|Ai| then Ali := S --- Save the best one!



A possible result




Geometric Hashing (GH)

e The simple approach 1s simply too slow.
 Make a dictionary (hash table) x' -> basis
e Looking up the dictionary is fast: O(1), no loop.

The coordinate after transformed by basisB. 2
x'(1),y'(1),Z'(1)) — basisB




Creating a hash table

| nput: Structure B y(1)..y(N)
Qut put: Hash table HB

for (I,mn) in 1..N do
basi sB : = make _basis(y(l),y(m,y(n))
1.. N do
.= transforn(y(b), basi sB)
HB : = HB (y'(b) =>y'(b), basi sB)

This requires N*(N-1)(N-2) steps.



Structure comparison by GH

| nput: Structure A=x(1)..x(M; Structure B=y(1l)..y(N)
Qut put: Best alignnment Ali

HB : = make hashtable(B) --- Create hash table
for (i,),k) in{1..M do --- Select 3 points fromA
basi sA : = make_basis(x(i),x(j),x(k)) --- Make a basis
for a =1..Mdo
x"(a) := transformx(a), basi sA
for y'(b),basisB in find hash(x'(a)) --- Find a B-basis

P(basi sA basisB) := {(a, b)} P( basi sA, basi sB)
--- Add the atom pair
Ali = Max| P(basi sA, basi sB) | ---(*) Be careful!

The last step (*) requires a snmart data structure!
O herwse, this nethod is as slow as the previ ous one.



Distance comparison method

- Distances in set B

Atom set A Atom set B pl gl r| s| t
(a0 ) (o N | 4 10 19 25| 14 p
ol 100 [1017] 10 q
bo ed |% et <l 1d 14 11910«
_c® | | 'e ®o) | dl141010 [10s
al bl c d‘ _t]

Distances 1in set A

Courtesy of Dr. Takeshi Kawabata



Basic i1dea of distance-based method

Az(xi...,xf@)

Bz(xi...,x]BV)

Given A and B, consider all the pairs of A and B points: P 4{ ( Xi,X; )

For the pair of pairs (i,j) and (k,I), the two distances (1,k) & (j,1) are similar, draw an edge between
the nodes (1,)) & (k, 1)

B
e e

Find the subgraph of thus created graph, that is complete and max imum:
The maximum clique problem

LI~_34,
/

23



Algorithm

Bron-Kerbosch (1973)

R := enpty
P .= set of vertices
X = enpty

Br onKer boschl(R, P, X):
If P and X are both enpty:
report R as a maximal clique
for each vertex v in P;
Br onKer boschl1(R {v}, P N(v), X N(Vv))
P:.=P\ {v}
X=X {v}

Where N(v)is the set of vertices connected with “v”.

From http://en.wikipedia.org/wiki/Bron—Kerbosch algorithm

This is an exact algorithm, and may not terminate.



Double Dynamic Programming

e Distance-based methods are also computationally
demanding.

 DDP 1s a hybrid of coordinate- & distance-based
methods

e Applying DP (just as 1n sequence comparison) in
two layers.

e This requires the point set to be ordered.



DDP: 1dea

A= x‘i. e xfl)
B =(xf xz)
Assume (x;-él , xf) 1s a matching pair of points.

If (1,)) 1s really a matching pair, the “scene of A from 1”
and the “scene of B from j” should look similar.

Define the similarity measure for the “scenes” based on (i,j):

1

s(k,l;i,]

):\dA(i, k)~d (. 1)]+e

Apply DP by regarding this as a score matrix s(k,l), you get the “best” alignment under the assumption that
(i,j) is a matching pair. The score is, say: S, (7, J > _ _ o
( Do this for all possible (i,j) pairs. )
Then using S (i, j ) as a score matrix, apply another DP.
This will yield an approximation to the “best” alignment



DDP procedure

M,N)




DDP Algorithm

# | ower | evel DP
for 1=1..Mdo
for j=1..N do

S(i,j) = DP using s(k,l; i1,j) =--- details omtted.
# upper level DP
for i=1..Mdo
for j= 1..N do
D:.:=T(i-1,j-1) + S(i,])
V. .=T(i-1,j) - ¢
H:.:=T(i,j-1) - ¢
T(i,)) := max(d, v, h)
if T(i,j) =d then P(i,j) :="'D --- di agonal
elseif T(i,j) =v then P(i,j) ="'V --- vertical
else T(i,j) :="'H --- hori zont al
done
done
Score := T(MN)
--- omtting the rest...



Why DDP works

e If (1,)) 1s a truly matching pair
— S (1)) 18 a large positive value.
e If (1,))1s not a truly matching pair
— S /(1) 1s a small value.

* The scores of truly matching pairs are amplified
along the (sub)optimal alignment.



Summary

e 2 approaches for structure comparison

- Coordinate-based

- Distance-based

 In special cases, dynamic programming can be also
used.
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